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We study event horizons of non-axisymmetric black holes and show how features found in axisymmetric
studies of colliding black holes and of toroidal black holes are non-generic and how new features emerge. Most
of the details of black hole formation and black hole merger are known only in the axisymmetric case, in which
numerical evolution has successfully produced dynamical space-times. The work that is presented here uses a
new approach to construct the geometry of the event horizon, not by locating it in a given space-time, but by
direct construction. In the axisymmetric case, our method produces the familiar pair-of-pants structure found in
previous numerical simulations of black hole mergers, as well as event horizons that go through a toroidal
epoch as discovered in the collapse of rotating matter. The main purpose of this paper is to show how
new—substantially different—features emerge in the non-axisymmetric case. In particular, we show how black
holes generically go through a toroidal phase before they become spherical, and how this fits together with the
merger of black holed.S0556-282(99)09318-2

PACS numbe(s): 04.70.Bw, 04.20.Ex, 04.25.Dm, 04.25.Nx

I. INTRODUCTION face produced by the wavefront emanating from a convex,
topologically spherical surfac§,, which is embedded in a

Not very much is known about the collision and merger of gyclidean time slicet=0 of Minkowski space[7]. The
black holes in general relativity. Previous results mainly confoundary of the past of, is generated by null geodesics
cern the axisymmetric head-on collision, in which numericalpormal toS,. The black hole event horizon is modeled con-

evolution has successfully produced computational SPacgy v on the flat space null h ersurfab€ consisting of
times[1-6]. In recent work 7], the geometric details of the y ol 't Sp : yp ng
the outgoing portion of this causal boundary and its exten-

event horizon in such a collision, first obtained by locating . 0T
the horizon in numerical space-timg3,8,9), have been de- S'ON 10+ - _ .- _
scribed in terms of a simple analytic model. Followed into the futureH™ expands to asymptotically
However, the axisymmetry of the head-on collision is aapproach an infinite surface with conformally spherical ge-
non-generic feature. Here we analyze the event horizon for ametry. The conformal transformation to the curved space
class of generic examples of black hole collisions and obtaifnorizon/ * is tailored to stop this expansion in accord with
features of the coalescence which differ substantially fronthe final equilibrium of a black hole. Followed into the past,
the axisymmetric case. o the generators of{" trace out a smooth null hypersurface
The event horizort{ * of a black hole space-time is the with a non-smooth boundary consisting of causiitand
boundary of the space-time region visible to observers aty,ssover pointst. Again followed into the past, thé
future null infinity Z". Assuming that there are no singulari- — const slicesS: of " shrink to zero as thev pinch off &t
ties lying on *, general theoremg0—-12 imply that <+ L y pinch c
. . . nd X. Provided the conformal transformation is non-
is a null hypersurface whose light rays extend into the pas?. : .
singular and single-valued ofr, the curved space horizon

until they either caustic with neighboring rays at a set of an be consistently constructed to pinch off at the same caus-
pointsC or intersect a non-neighboring ray at a crossover set y P

X. TogetherX andC form the set of points where light rays ti¢ and crossover points so that" and#" can be identi-
from outside the black hole join the horizon. Catastrophéi€d- This will be the case considered here, although more
theory[13—15 shows that a caustic set consisting of a singledeneral constructions are possible. _ _
point is structurally unstable, i.e. a small perturbation can AS @ result of the conformal transformation, the affine
produce qualitative changes in the features. This applies tparametet along the flat space wavefront has to be replaced
the point caustic associated with black hole formation in thepy a new affine parametéft) for the curved space horizon.
Oppenheimer-Snyder model of spherically symmetric col-ryig new affine parametett) is chosen such that the new
lapse. ) ) eometry satisfies the single Einstein equatite focusing
The simplest structurally stable caustics are folds anQqation constraining the intrinsic geometry of the horizon.
cusps, which are the only stable caustics which can occur ifpis equation takes the form of one ordinary differential

the axi_ally symmetric case. These cau_st_ics were found in t_hSquation(ODE) along each ray. The values of the parameter
numerical studies of the head-on collision of axisymmetric_,» . . o
black holes[8] and in gravitational collapse of an axisym- t(t)A along each ray are uniquely fixed by the conditions that
metric rotating cluste{16]. An analytic solution of the t=t=0on&,anddt/dt—1 ast—e.

curved space horizon geometry which reproduces these nu- Because the topology of a spatial slice of a null hyper-
merical results has been obtained by a conformal transform&urface depends on the PanCU'af time-slicing, the 2-
tion of the intrinsic geometry of the flat space null hypersur-dimensional leaves of theandt foliations have the same
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topology at late times, but they differ qualitatively at early discuss general properties and then specialize to the confor-
times where they interse€tand X. For the head-on collision mally ellipsoidal case.

of axisymmetric black holesS, is chosen to be a prolate ~ The phenomenology found for conformally ellipsoidal ho-
spheroid and it is the foliatios, in terms of the curved space rizons is presented in Sect. IV, and we conclude with a dis-
affine parameter that gives rise to the pair-of-pants structurgussion of our results in Sec. V.

of the event horizoh7].

Although the cusps and folds formed in the axisymmetric
head-on collision are structurally stable, there is a non-
generic line on the symmetry axis whose points are both A. General properties
ca_us';ics and_cros_sover points. The horizon pinches off along o o el of a white hole horizon presented in Sec. lll is
this line to give rise to tr_le separate plack holes. In the abgased upon the ingoing wavefront from a smooth convex
sence of axisymmetry this crossover line would be expecte
to broaden into a 2-surface. Generically, the intersection o§urface80 embedded at constant tinfe=0 in Minkowski
two 2-surfaces is a curve and it is the history of this curve, asPace. The rays tracing out such a wavefront generate a
different portions of the wavefront cross, that corresponds ggmooth null hypersurface until they reach endpoints on the
the entire 2-dimensional set of crossover points that initiate #oundary of the future of,. Let 7~ denote this null hy-
black hole horizon. Note that the intersection of two null Persurface, along with its future endpoints and its extension
surfaces, and thus in particular the crossover surface, is géo past null infinity. The endpoints of the null rays generating
nerically spacelike. In the axisymmetric head-on collision,/{~ consist of a set of caustic poinés where neighboring
this curve degenerates to a point and its history to the lingays focus, and a set of non-focal crossover paititsvhere
that forms the trouser seam in the pair-of-pants picture.  distinct null rays meet.

In the absence of axisymmetry, it has been argiied The generic features of our model stem from the structur-
that in the formation of a generic event horizon toroidalally stable properties of the caustic-crossover sefpfThe
black holes are more probable than spherical black holes améquirement that a property be generic is that it be preserved
should be observed more frequently in an appropriate timeunder arbitrary small smooth perturbationsSaf. More pre-
slicing. This leaves some vagueness as to how toroidal taeisely, if S, is described in the parametric form
pology fits in with the formation of individual black holes =f'(\,,\,) then a generic feature is preserved under
and their coalescence. The main purpose of this paper is tomooth deformationsf'—f'+ eg'(\;,\,) for sufficiently
describe and clarify such features of binary black hole forsmall e. The structurally stable caustics have been com-
mation and coalescence in the generic case whgis cho-  pletely classified and their local properties descripg8—
sen to be a triaxial ellipsoid. We show that the individual 15]. We are not aware of an analogous treatment of the ge-
black holes can form with spherical topology but that there iseric properties of the crossover set, which is a global
typically an intermediate toroidal epoch as they merge into groblem. For simplicity, we restrict the following discussion
final spherical black hole(See the discussion in Sec. V for to the case whergrecisely two rays cross at a crossover
the relevance to topological censorship. point Throughout the discussion, we assume tKatis a

In Sec. Il we present the essential geometry of the flakmooth convex surface embedded at constant time in
space wavefront. In geometric optics, the chief consideratiomMinkowski space. The assumption that precisely two rays
in the study of wavefronts is the 2-dimensional caustic surcross at a point o’ defines a subset of such convex surfaces
face where classically the intensity of a beam would be infiahich is invariant under perturbations. This subset includes
nite. In contrast, the dominant structure in horizon formationthe case in whicls, is ellipsoidal which is used to construct
is the crossover set. We first describe some elementary gene analytical white hole horizons in Sec. lll.
neric properties of this set. Then we consider as a particular Two maps are useful in discussing the generic properties
model the class of wavefronts that emanate from an ellipof X. One is the null geodesic maj from points ofS, to

soid. points an affine timet along the generators of~. The

In Sec. Il we describe the construction of the conformall . A .
Y crossover set results from this map for timgs(which vary

related horizon and its properties. Since the event horizon .
ablack holeis defined as the boundary of the pasfZof and fom generator to generajofThis map can be extended past

naturally calculated in a backwards-in-time fashion, it is con-the endpoints of{". The other is the ray maR; from S,
ceptually simpler to describe the horizon structure from theobtained by applying the prOJectldPL(t X,¥,2)—(X,Y,2) to

time reversed point of view of avhite holehorizon (the  the null geodesic magk; is the standard spatial ray-tracing
boundary of the future of 7). In this description, the con- map of geometric optics based upon the straight Euclidean
formally related flat space null hypersurface lies on the indines orthogonal taS,. In this projected spatial picture, null
going (future directedl wavefront from the convex surface rays which cross in the 4-dimensional sense that they pass
Sy. The white hole horizor{ ~ is a null hypersurface with through the same space-time point correspond to spatial rays
the property that its surface area decreases into the future afidm pointsp andq on S, which intersect at a point an equal
has a finite asymptotic limit in the past. The generating nulldistanced from p andq. Since the rays are normal 8,

rays leaveH ~ at future endpoints consisting of caustics andthis implies the existence of a sphere centeredRg(p)
crossover points. All our results are easily restated in a time="R4(q) which touchesS, from the inside ap andq. A ray
reversed sense to the black hole case. As in Sec. Il, we firftom any pointp on Sy which does not first caustic must

Il. FLAT SPACE HORIZONS
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cross some other ray, as follows from considering spheres afons normal toX,, (corresponding to the two crossing rays
increasing radii which toucls, at a given pointp. The re-  have as a common limit the tangent to the null ray reaching
striction that triple or higher order crossover points do notp along H ~. Hence, the crossover surface asymptotically
occur implies that such spheres never toghat more than  becomes tangent to this null direction at its boundary
two points. We are especially interested in the generic prop- These generic properties are violated in the case of a
erties of the double-crossover sat, consisting of non- spherical wavefront, where the crossover set and caustic set
caustic points at which precisely two rays intersect. both degenerate to a common point. They are also violated in
Generic Property 1. A caustic point is not also a cross- the prolate spheroidal case, where the crossover set is a curve
over point. of degenerate caustics, which is bounded at each end by a
Let R; for t=c map the poinp on S, into the projection non-degenerate causfit6].
of a caustic point. That implies th&.(p) is the center of a These three generic properties of a flat space crossover set
sphereS of radiusc which osculatesS, along its smallest are satisfied whesy is a triaxial ellipsoid, as explicitly dem-
principle curvature direction gb. There are two possibili- onstrated in Sec. Il B. For the ellipsoidal case, the crossover
ties. First, suppose there were a continuous curve of pointset is in addition smooth and connected and consists purely
on S, containingp whose rays all cross the ray frgm Then  of double crossovers. More complicated examples would al-
all points on the curve would be equidistant fré(p) and  low higher order crossovers. However, there is limited com-
have equal values of their smallest principle radius of curvaplexity to the crossover set arising in Minkowski space from
ture. A small deformation o8, in the neighborhood op @ generic, smooth, convex surfasg.
(keepingp and the radius of curvature at fixed) would Generic Property 4. A generic crossover point lies at the
remove this degeneracyThe structural instability of this intersection of at most 4 rays.
situation also follows directly from the theory of generic Consider a sphere tangent$g at five or more points, whose
caustics. Second, suppose the ray from a pointon S, center lies at the projectigR of the corresponding crossover
crosses the ray fronp, so that the osculating sphe@  point. Since generically four points determine a unique
touchesS, atq. Then a small outward deformation 8§ in ~ sphere, an outward deformation &f leaving precisely four
the neighborhood aff would eliminate the crossover. Thus a Of these points fixed would reduce the crossover to a four-
joint caustic-crossover point can be eliminated by a perturfold intersection.
bation. The conformal construction of the curved space event ho-
Generic Property 2. Considered as a subset of fizon (described in Sec. ]l preserves the structure of the
Minkowski space, the double-crossover &gtis a smooth, underlying flat space crossover set. The generic properties of
open, spacelike 2-surface. anarbitrary curved space event horizon are important ingre-
Let g be a point inXy resulting from the crossing of null dients of black hole physics. Certain of the flat space prop-
rays from pointsp; andp, on S,. Let{; be the affine time erties generalize easily to curved space, e.g. the spacelllke
from p, to q and consider the portion of null hypersurface nature of the crossover set. However, for those properties

: ; : . established using specifically Euclidean constructions, e.g.
N, obtained by the n.uII gegdesm m@pf[om o na neigh Generic Property 4, the generalization is not obvious.
borhood O; of p; with affine lengths (;—e<t<t;+e€).

Since, for sufficiently small neighborhoods, there is no caus-
tic in V3, this geodesic map is one-to-one and smooth so
that \V; is a smooth open portion of null hypersurface con- We now specialize to the case of the ingoing wavefront
taining q. A similar construction based op, leads to a from an ellipsoidS, described in Cartesian coordinates at
smooth open portion of null hypersurfagé,, which also time t=0 by pointsx'=(X,Y,Z) satisfying

containsqg. Since, atq, the null directions lying in\; and

N, are distinct, we can choogey an appropriate bogsa
Lorentz frame such that their spatial components lie in op-
posite directions, say the z directions. Then, in the tangent

space ofy, NV; and\; intersect in theX,y) plane. SinceV; - . )
and\5 are smooth, this guarantees a smooth spacelike inte\r;_yhere we S‘?"*-.>a>b>° (in th_e non d_eg_enerate case
hus thex-axis is the shortest axis, theaxis is the longest

section in some neighborhood of axis and they-axis is intermediate. The reflection symmetr
Generic Property 3. In the absence of triple or higher with res ec?to the Cartesian axés allows us to r)(/educe gur
order crossovers, the caustic set forms a compact boundarg 'SP - ; . ;
nalysis to the positive octamt=0. While reflection sym-

to the crossover set (considered as a subset0). The ey simplifies the analysis, the caustic structure of the
tangent space of the crossover set joins continuously 1o thgayefront is generic due to the absence of continuous sym-
tangent space of the null portion df = at this caustic  etries, so that it is preserved under perturbations which

boundary. o ) break reflection symmetry.
The double crossover s&t, lies in a bounded region so that The unit normal taS, is NizQinj/N where

its boundary must be compact. Sin&g is an open set and
the only other endpoints ¢ffl ~ are caustics, the boundary of 5 5 )
X, consists of caustics. Along a curve i, approaching a X Y Z

2_ =
caustic pointp on the boundary, the two distinct null direc- N (E2—a%)? * (E2—Db?)? e 2.2

B. The wavefront emanating from an ellipsoid

1 o X? Y2 Z?
EQinXJ:Ez 2+Ez—b2+?:1’ (2.7

—a
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The wavefrontsS; propagating inward along the rays from Enn

S, are given byx'=X'—tN', with t=const. The crossover 2= 72b

setX formed by these wavefronts must have reflection sym-

metry and lie in the plang=0 normal to the short axis of the Euclidean metric takes the form

the ellipsoid. Thus the Minkowski timé, (or equivalently 2 2.2 N2 5 2, 2 12

the distancealong a ray fromS, to X is dszz(g — )& )d§2+ (&= ) (" =\ )d772
(£°—a%)(£°-b%) (a*=7°)(n°—b?)

ty=N(E%-a?). 2.3
N ) = L IEN) (2.10
The ray with coordinatesX,Y,Z) on S, hits X at (a®—N\?)(b°=A%) " :
i—lo (a®—b?)Y a’Z 04 The principal curvature directions aw, and d,. The
=1 (E°—b?) 52| (2.4 corresponding extrinsic curvature scalars are
In order to determine the boundary of the crossover set con- e (E?-a%)(E°-b?)
sider rays from the curveX=e€,Y,Z). Such a ray will cross Ko== (EZ2—-79)3(E?-\? (219

with its opposite ray from X=—¢,Y,Z). However, fore

=0 the rays are identical and no such crossover can occur smd
that these rays form the boundary of the crossover set. In the
limiting case ase—0 these crossover points approach the
caustic set, given by

_(@®-b?) [E*-7? with Ky <K?7.
y=—7% B2—p? There are four umbilical points on the ellipsoid where

Kﬁsz. In Cartesian coordinates, they are located at the
a’z reflection symmetric seX=+ (1/a)(E%—a?) (a’—b?), Y
= =a (2.9 =0, Z=*bZE/a. According to Eq.(2.3), the crossover time
for an umbilic ray is

. (E?-a?) [EFb?Z2 tyu= = _ (2.13
t= 2 2—b2 . (26) -

In confocal coordinates, the umbilical points are at the coor-
The caustics are determined by the radii of curvature oflinate singularity\ = »=b. Since the radii of curvature are
Sp. These are computed from the extrinsic curvature tensothe inverse of the principal curvature scalars, 911 im-
of Sy which is given by plies that the focal length at an umbilic is

=2_a2)(22—p?
K?\:E ((~2 2)(~2 2)3: (212
Ef=7)(E°—\°)

at time

i}
I

Kij= (8= NiN“)(8]=N;N') N, (E2-b?) J(E?-b*)(E*-a7)

fC,U: (EZ_aZ)E ’ (214)

— 1 Kk k |

N (o NN (5~ NiN)Qu. @1 which is also the caustic time for an umbilic ray. Comparison
of Egs. (2.13 and (2.14) shows thath]U>fX,U. Thus an
umbilic ray crosses its opposite umbilic ray before it caus-
3ics, except in the degenerate caseb of a prolate spher-
oid. Later we will see that this has an important consequence
X2 y2 72 for the curved space model of the horizon. It implies that the
a2 + Z_p? + & =1, (2.8)  mechanism for a pair of eternal black holes found in the case
| ' ! of a prolate spheroifi7] is exceptional and does not occur in

any other ellipsoidal model.

Also, a calculation of the radius of curvature for rays
emanating from the curv&=0 (or equivalently the curve
n=a) shows that they caustic at the time

In order to describe the principal curvature directions it is
useful to introduce confocal ellipsoidal coordinatgks],
which are determined by the three independent solutions t

where we set&=(&,7,\) with nonsingular coordinate

rangesé>a> n>b>N>0. Comparison of Egs(2.1) and

(2.8 shows that the initial wavefronf, is given byé==.
Under the resulting coordinate transformation

—=2_ .2 = —2_ .2 [=4
2 (a2 2 A2 2 .~ Hf—a 2=\ E‘—a 2%—bzZ
— \/(é D)@ — )@ A% == ‘/EZ—bf = \/ o

2(a2_ K2
a“(a“—b?) 2.19
_ \/(fz_bz)(ﬂz_bz)(bz_hz) 2.9 Comparison with Eq(2.6) shows that this is the limit of the
y b%(a’—b?) ’ ' crossover time for neighboring rays so that this caustic set
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bounds the crossover set, i@=dX as expected. Further- Surface, we base an analogous approach upon the projection
more, from Eq.(2.5), the caustic curv€ is smooth and, in operator
fact, given by the ellipse

PP=2+n,I°, (3.0
y2(E2_ bZ) ZZEZ

CETE = 1 (2.16 wherel ,= —V,u, with u any smooth extension of the affine

parameter field onV. Then n,=g,,n" projects to O; the

projected metricy,,= Pnggcd is the intrinsic metric ofA/

in thex=0 plane. Equatiori2.15 shows that the first rays to with the degeneracy,,n°=0; and, restricted to the surfaces

caustic are the ones with maximal(or equivalently\ =b), u=const, the projected contravariant metﬁjﬁb: nggng

i.e. the two rays that Cpme from the “tipS” of the |Ongest is the inverse of the pu”back Q'fab- We Set‘yab: thab and

extension of the ellipsoid. o y2P=R~2h3" whereh?®£ h,,=0. (This is achieved by fac-
The qualitative features @fand.t are similar to those for  toring out the square root of the determinant of the restriction

the special case of a wavefront from ablate spheroid, of 5, to the surfaces of the affine foliation such tihgt, is

except in that case the caustic curve is a circle of symmetryynimodular) The Lie derivative oh,, along the generators

In the prolate spheroidal case, the caustic ellipse degenerategs A defines the shear tensB,,= £,hap .

into a line on the symmetry axis. The oblate and prolate LetiTg denote the projection of a tensﬂSE to the tan-

spheroidal cases form two pieces of the boundary of the eI—ent space ofV. The proiected curvature compone
lipsoidal state spac&=a=b=0 governing the shape of d ¥ ' Pl ponerits,

=1n°n%Reap=LNn%(V.V,—V,Vc)N,, can be re-expressed
So. The prolate spheroids correspondate b and the oblate ", torm icr??r(ijnsic t(g/\/?asa aVe)o P
spheroids td=0. These two pieces of the boundary meet at
the spherical cas@a=b=0. The remaining piece of the

1 1
boundary is formed by the singular one parameter set of ®ab:§£n(R2hab)+habR£ﬁR_ZRZthEaCEbd-

infinitesimally thin ellipsoids(elliptical pancakesgiven by 3.2
a=E, which connects the singular prolate spher@idedle
to the singular oblate spherofdircular pancakeasb ranges The vacuum Einstein equations require that the trace of

from E to 0. The important feature here is that the interior of®,, vanish, leading to the focusing equation
this state space is topologically trivial and should not intro-
duce discontinuous qualitative behavior such as occurs on
the boundary of the state space in passing from prolate to
oblate spheroids.

1
L2R=— ZREZ, (3.3

where3 2= (1/2)h@hcds . 4. Also, the trace free part of
I1l. CONFORMALLY ELLIPSOIDAL HORIZONS Eq. (3.2 yields
i i 1 1
A. Conformal construction of a curved space horizon ‘I’abziﬁn(Rzzab) _ ERZEZhabv (3.4)
Following Ref.[7], we describe the intrinsic geometry of
the horizon as a stand-alone object possessing all the pro
erties o_f a non—smgglar hpnzon embeddgd in a \./acuumWeyl curvature.
space-time. As explained in Rdf7], the intrinsic horizon The normalized eigenvectog andq® of the shear ten-
geometry provides part of the data to reconstruct the embeds-Or satisfyings .o(P°+ ") = Sh,(p°—ig®), provide a ba-
ding space-time by means of a double-null characteristic ini-Sis ,in which h abzp i aar:)dpE =qE( ; - )
tial value problenj19—22. The white hole horizofi{ ~ con- Wheren.+ | ibh p(apbb+ iq%()qb In thisabbasis pt%%b W%a?bcijr-
sists of the closure of the non-singular portion of a null PaT1Ga=MNaplP=1G°7). , y

hypersurfaceN" whose surface area has finite asymptoticvature componentd’,,, can be represented by the complex

Rihere ¥ ,,=1n°n9C_,,q4 are projected components of the

limit in the past and decreases into the future. scalar field

The construction begins with the 4-dimensional descrip- V=R 2(p2+ig®)(pP+igP) ¥
tion of A as a null hypersurface embedded in a vacuum (P*+1a%)(p7+1a%)Wap
space-time with metrig,,,, covariant derivativeV , and an =R 2L,(R%)+i2(q*LyPa— P?Ln0s). (3.5
affine tangenn? to the null generators ofV. We make no N . _ .
assumptions about the behaviorrof off A. On, it satis- The conditions for a non-singular horizéi ~ require

fies the geodesic equatioi¥V,n?=0 and the hypersurface thatV¥, R andh,, be smooth fields and th& has a finite
orthogonality conditiom[®VPn'=0. The choice oh?® has limit R, as u— —o. Reference[7] presents a conformal
freedomn®— an? and determines an affine paramatesat- method for solving the focusing equation consistent with
isfying n?d,= g, with the freedomu—a~'u+ B (with «  these horizon regularity conditions. This solution restricts the

and B constant along the generatprs outgoing radiation crossing/” by requiring that its intrinsic
From this embedding picture, we induce an intrinsicmetric be conformal to that of a null hypersurface embedded

3-dimensional description of/ by projecting 4-dimensional in a flat Minkowski space-time.

tensor fields intaV. Although this cannot be done by the ~ We denote the corresponding flat space fields\oras

standard “3+ 1" decomposition used for a spacelike hyper- &ab, R, h,p, N, 0, etc. For convenience, we write’
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—L;F for tensor fieldsF. Since¥'=0, Eq. (3.4 implies W= 1A = 9 (5p+pu—20)2Cmt D)
(P2+ig%)(Pp,—id,)' =0 and RS =0, where ¢’ =0. The [120(0—p) = 0®]* (5p— w—20)* /w1

" . . S ., 3.1
conditions on the eigenvectors apg=(2/2)p, and §,= 312
—(2/2)4,. where

It is convenient to adjust the affine freedom(inso that _ 37— (.13
R— — 0 asli— — and so that the two caustics encountered p=N13p"=0o" :

along each ranhereﬁ%:O) are placed symmetrically. Then On S,, we fix the remaining affine freedom im by setting
the flat space version of the focusing equati@m®) inte- u=0=u,. The S; foliation of A/ defined by the parametri-

grates to give zation I=u,+1 is the standard geometric optics family of
wavefronts obtained fron§, by Huyghen'’s construction. We
(0_10)_ (3.6) adopt theS; foliation of the horizon defined by=uy+t to
2 define the evolution of the whit@r black holes. While this
definition is somewhat arbitrary, it is based upon a foliation
In the flat embeddingg is the distance between the two intrinsically related to the horizon structure so that it does
caustics generically encountered along each null f@ye  not introduce an artificially distorted picture of the bifurca-
use the conventionr=0, so that the caustic corresponding to tion process.
the § principle direction is reached first, moving along aray  Equation(3.12 now determines the deviation of the new
in the direction of increasing.) The eigenvectors have the slicing which is adapted to the curved spacetime from the
form original slicing adapted to the embedding of the null surface
in Minkowski spacetime. This equation thus controls the

1
U+§O'

R?=

. 0—o/2\1? change of topology of spatial slices of the event horizon.
Pa= 0+ o/2 Pa 3.7 Some qualitative understanding of the resulting effects
can be gained from a simple analysis of E§.12. We
4 /2| 12 present this analysis in thr_ee steps. Firs_t, we analyze 'Fhe
Ga=1 = Q. (3.9 regularity of the curved horizon, which gives an algebraic
U-ol2 restriction on the functiop. Second, we consider the signifi-

. cance of umbilical rays for whicle=0. Third, we discuss
where P,+iQ,)'=0. _ general features of the functiod, which determines the
In applying this construction, we generate the flat spacedynamics” of the white hole and provides a simple picture
nullhypersurface by th? "’190'”9 I'g.ht rays from a c'onvexof the relative rate between theandt foliations, as deter-
surfaceS, embedded at time=0 in Minkowski space-time.  mined by Eq.(3.12. This helps to understand the main fea-
We construct the CUrvedASpace horizon with thAG same COhiyres of the topo|ogy Change phenomena, which will be laid
formal structure, i.eh,,=h,y,, by settingy,,=Q2%v,, with out in Sec. IV.
R=QR. The associated affine structures are relatechby As seen from Eq(3.10, W is potentially singular at caus-
= AA? so thatd,= A d; andS =AS3. tic points whereR=0. This singularity is of no concern for a

The curved space focusing equati@s3) then reduces to ray_whose ca_ustics lie outsidé . However, a non-singula_\r
horizon requires thatt be non-singular at those caustics

A(Q'RTOR)FAQ'R+20'R)=0, (3.9 which lie on the endpoints of{~. The fw_st caustic is
reached atu=—o¢/2 along each ray. Inserting our ansatz

with the Weyl scalar, defined in E3.5), given by (3.17) and Eq.(3.12 for A, the Weyl scalar at such points
becomes
_ A (3.10 v= o’ Sopnrol T 1
O2R? 81(0+2p)%(o+3p) | Bpt+uto '

The ansatz In order to haveu non-negative and) strictly positive on

H~ one has to require
0_2 -1
__ & =g/+13. 3.1
Q Rw(u+ 12,=0) (3.11) p=0//13 (3.19

Together with Eq.(3.14) this condition implies thatV is
satisfies the horizon regularity requirements proviged a  smooth except possibly on rays with=0 in the case when
suitably chosen function oy, as discussed below. The p also vanishes on these rays.
simplicity of this ansatz suggests that it does not introduce an Rays witha=0 arise at umbilical points of, where its

extraordinary amount of radiation crossing the horizon. two curvature eigenvalues are equal. Umbilic points are to be
Integration of Eq(3.9), with the affine scale fixed by the expected on a generic convex surface. Indeed, Cardting
conditionu’=1/A—1 asli— —, gives conjectured that every smooth, compact, convex surface
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(embedded in a Euclidean 3-spagBust have at least two
umbilics[30], which is the number of umbilics for a prolate
or oblate spheroid. A generic ellipsoid has four umbilics.

The shear¥ vanishes along such rays and thdis=0
since vanishing shear is a conformally invariant property. So
R=R., along an umbilic ray, as a consequence of 33
and the bounded surface area of the horizon. This is consis-

tent with our ansatz which reduces &=R../R along an
umbilic ray. The completeness & ~ as a white hole hori-
zon requires that the rays extend interminably or to a caustic
or crossover point, whichever occurs first. Along a non-
umbilic ray, focusing ensures that a caustic is reached at a
finite affine time so that the range afhas an upper bound | H-
on the horizon. However, along an umbilic ray there is no
focusing and the white hole may extend to infiniteThis is g 1. Ellipsoidal (¢ ~) and conformally ellipsoidal ) null
the mechanism which leads to eternal black holes in &ypersurfaces: Suppressing one dimension allows the foliations to
t-foliation of H " for the axisymmetric head-on collision pe depicted as lines from pole to pole. The Minkowski foliation
corresponding to the choice of a prolate spheroidSp{7]. indicated byS; is drawn horizontally. The curved space foliation is
In the prolate spheroidal model of a black hole collision,indicated bys; . In the top-most slice of this foliation the white hole
regularity of ¥ was ensured by requiring thats oy /1/13, has two disjoint componentghe part of the slice which is off the
whereo, is the maximum value attained layon all the rays  horizon is shown as-- —- —).
generating the horizon. ] . ]

This places no extra regularity conditions on the confor- N order to discuss how this effect varies from ray to ray
mal model when the umbilic rays attain their caustic beyondnd how it varies in time, let us assume t_h"‘ﬁ|>‘7 so that -
the endpoints of{ . As already discussed in Sec. |1 B, this Sy is located at an early time in the evolution when the white

is the case for the umbilic rays on an ellipsoidal wavefront0l€ IS quasi-stationary. At this early time~1-12p/|0|

2_ 9 219\/2 =3y i i i
Only in the degenerate limit of the prolate spheroidal case+(100p 20°/3)/4"+0(a"") is fairly uniform from ray

does the umbilic caustic approach an endpoint of the horigo ray for models in whichp=const. But at the caustic,

zon. In the generic case, the restrictiprr oy, / /13 can be whereti=—o0/2, Eq.(3.12 gives

relaxed to allow models withp=ko//13, with constank o2 o+5p— | 4le
=1, which would otherwise be singular if an umbilic caustic A= 9(o+2p)2 o t5pt : (3.16

were to lie onH .
In order to elucidate the features of the model we nowwhich displays a strong minimum near an umbilical ray if
discuss how Eq(3.12) determines the evolution of the white is nonzero. Fop=const this is the dominant effect at late
hole, defined by thes; foliation, relative to the Minkowski  times in the “quasi-prolate” case where the umbilic caustic

foliation S; . A schematic diagram of the situation is given in lies close to the horizon.

Fig. 1. The affine parametetsandf are defined so that As a result, in that case the tidal bulge lies in the region
o ' between the umbilics at the critical late stage where it con-
=t=0 on the surface&,. These affine parameters are related

to u and by a shift in origint=u—ug andt=0-ugy. Thus ftrlt?u.tes.to topology chgnge. In particular, it then tgkes an
- N ) infinite time for the umbilic rays to reach the caustic in these

dt/dt=du/du=u’ so that the relative rate between 8¢  c5ses. This is the mechanism which produces eternal black

and §; foliations is determined by E3.12. We first note  poles when the crossover set meets the caustic set on an

that Eq.(3.12 implies du/dt>0, with dw/du—1 asli—  ympilical ray. Within the ellipsoidal models this only hap-
—. Thusu is a monotonically increasing function @fso  pens for the prolate spheroids.

each ray, independent of the valuesooénd p. =kao/+/13, no such anomalous behavior occurs near the um-
Furthermore, for our particular ansatz, it is easy t0 shovyjjics. |n this caseA =1 along a umbilical ray. In regions of
that 1A =du/du=1. Thus, to the future ofy, t<t and the large o, this results in an upward bulge of thdoliation, as
Minkowski slicing always “lags behind.” The ray depen- shown in Fig. 1. Some of these models lead to convenient
dence of this effect, which depends on the values @fido,  simplification of the analytic dependence governing the
creates a tidal bulge, as shown in Fig. 1. This tidal bulgecurved space affine parameter in E8112. In particular, the
leads to a change of topology of the white hole just after thesasep = o/3 leads to the simple result
bulge reaches the crossover gétcorresponding to the criti-

cal sliceS; in Fig. 1. As will be demonstrated in Sec. 1V, the , (60—70)%

bulge typically results in punching a hole in the white hole, U= 9(120%— 40— o?)? (3.179
producing a toroidal white hole with a sharp edge on the

inner rim defined by the crossover points. with integral

084019-7



SASCHA HUSA AND JEFFREY WINICOUR

Catdo] o—2ug 1602(01— uy)
U=UT 20108 250 ) T 9(o—20) (0—2ug)
25602(0— ug)

T (o +60) (ot 6Ug) (3.18

PHYSICAL REVIEW 50 084019

argumentsy, A and G is known explicitly but, in order to
determine the dependence on the curved slidirjg) has to
be computed numerically in general. This procedure only
determines the intrinsic geometry of the null surface. Its ex-
trinsic curvature in the physical spacetime is determined in-
dependently by an additional constraint equation, which we

(where the integration constant has been adjusted sauthatdo not consider here.

=0=ug on Sp). We haveu=10 along a ray on whiclr=0

but otherwise it is easily seen that the additional terms on the

right hand side of Eq(3.18 imply du/di>1.

More generally, the affine parametrization is determine

by integrating Eq(3.12 numerically(see Sec. Il C for fur-
ther notes

B. The conformally ellipsoidal case

Following the formalism of Sec. 11 B, we descril#® in
ellipsoidal coordinates by the surfage= =, with (»,\) co-

C. Numerical construction and visualization

A particular model for the horizon is determined by a

dspecification of the ellipsoid to serve as the surf§gand a

specification of the conformal factd®. Fixing the ellipsoid
corresponds to choosing the parametgra andb (where of
course, one could eliminate one of these to fix the 3cale
Fixing {2 amounts to a choice of the functioRs, andp in
our ansatz for the conformal factor in E@.11). Here we
only consider the cade.,= const, independent of ray, which

ordinatizing the lines of principle curvature corresponding towould be satisfied by an asymptotic Schwarzschild horizon
the @®,p?) directions, respectively. The corresponding prin-of massR../2. (In order to model a Kerr horizorR,. would

cipal radii of curvaturer ,=1/K7 andr, = 1/K§, are deter-
mined from Eqgs(2.11) and(2.12, and satisfyry=r, . This
allows us to calculate

por g TN EZAETN
A i E (EZ_aZ)(EZ_bZ) '
and
Ug=—(ry+r,)/2
B 252_ 7}2_)\2 \/(EZ_ 7]2)(52_)\2)
- 28 (E%-a%)(E*-b?)’
(3.20
Also, o attains its maximum
2388

T 9J(E-a2)(22-bD)

at (y=E2/3\=0).

Sincer,=r,, the d/dx-direction corresponds to thg,
principal direction in Eq(3.7), while thed/ d »-direction cor-
responds to thé, principal direction in Eq(3.8). Inserting
the ellipsoidal results into Eq$3.7) and(3.8) yields

_ (7P—\2) (B2 77)°
Pa= \/(aZ_)\Z)(bZ_)\Z)(Ez_)\Z) (d)\)a,

(3.22

(7P—AH)(E2-2\?)3
Qa: \/(aZ_ 772)(772_[)2)(52_ 772) (d’]])a

be chosen as the conformal factor relating the intrinsic ge-
ometry of a Kerr white hole to the unit spher&/e consider
several choices g, subject to the inequalit{3.15.

The crossover and caustic times in terms of the “curved”

affine parametet(t) are obtained via the integration

t(f)_f{ di
OA(t+ug)

along each ray, wher# is given by Eq.3.12. As has been
discussed in the last section, for certain choices of the func-
tion p in the ansatz for the conformal factor in E@.11),
such asp= /3, this integration can be carried out exactly.
For generic choices, the integrations have been performed
using the routinesiqgag and gag from the freely available
packageQUADPACK [23].

In addition one also wants to study the foliatiBpof the
horizon, e.g. to animate the surface and show its change of
topology. This task requires the integration of the ordinary
differential equatiofODE)

(3.29

(3.29

to determinef(t) along each ray, which is the “inverse” of
the integration in Eq(3.24). Even for cases when a special
choice ofp leads to an explicit function(t), inversion to
f(t) can still not be carried out analytically but one can use a
simple root finding algorithm. In the general case, the ODEs

have to be solved numerically. This has been done using
Runge-Kutta methods implemented in the freely available

The time dependent metric for the curved slicing is thenpackage rksuite9R4,25, which provides an efficient solu-

given by

Yab=Q2R%(PaPp+ 0a0ln), (3.23

tion of a system of ODEs by using adaptive step-size control

and data structures that allow straightforward vectorization.
Visualization of a slice of the horizon is not straightfor-

ward since an isometric embedding Rf does not exist in

where the function$), R, p, and§, are computed via Eqs. general. However, for present purposes, our primary aim is
(3.6—(3.8), (3.11) and(3.22. Here the dependence on the only to visualize the topology of these surfaces and the
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sharpness that occurs at the crossover points. Since localyhich are expected to resemble situations one might encoun-
the metrics of any two surfaces are conformally equivalentter in a numerical construction of the spacetime. In a Cauchy
this amounts to suppressing the information contained in thevolution one chooses a slicing adapted to the physics of the
conformal factor(In a more detailed picture, the conformal problem which, in the case of a black hole merger, would
factor could be color-coded onto the surface to visualize th%ontain exact]y two components of the event horizon at ear|y
actual metric geometry to some extent. times. Similarly, when using the solutions produced here as
Here we use a very simple approach based on a naturgiitia| data for the numerical construction of the spacetime
visualjzation of the foliatior; of the original null hypersur- i3 the characteristic initial value problef@7,2g, one also
face ™ in Minkowski space(introduced in Sec. IlA in  desires a useful slicing which is naturally adapted to the
terms of the boundary of the future 6§). A spatial recon-  physics. The condition we adopt here to model a binary
struction of the wavefront at a given tintés easily obtained black hole merger(as opposed to a single, dynamically

by projecting/{~ into thet=0 Euclidean 3-space, using the evolving black holgis that the individual components have
Minkowski space projection map (also introduced in Sec. lifetimes lasting much longer than the phase of topology
IIA). Becausel{~ is achronal this map is one-to-one and change. This of course is not a precise definition, but rather a
preserves the smoothness of curves and surfaces. Applied Bactical guideline.
a sequence of sliceg;, the mapP generates a movie of the ~ For the simplest case whef is a unit sphereg=0 on all
wave front’s motion in space which faithfully reproduces therays,ﬁab is the unit sphere metri®= — 0 and the ansatz Eq.
topology of the foliation and does not introduce any extrane{3.11) reduces toR=R,, so that the horizon is stationary.
ous sharp edges. Note that the limiting differential equation fok, obtained
Our concern is the corresponding projection map of thefrom Eq.(3.9) aso— 0, doesdepend on the value gfin the
white hole foliationS; into thet=0 Euclidean 3-space. The ansatz(3.11), so that different results along an umbilic ray
affine parametertt is a smooth monotonically increasing are allowed. These choices will however only affect the pa-

function of along each ray up to the caustic and crossovef@metrization, not the geometry, since alw#ys R.. in this
points. This property extends to the crossover points becaug@se. The simple spherical limkk=1 and thug=t is guar-
of the reflection symmetry of the initially ellipsoidal null anteed by choosing the functignto vanish in the limit.
hypersurface. The reflection symmetry guarantees consis- The next simplest case, which is still degenerate and thus
tency of the values afi when non-neighboring rays cross so also corresponds to a singular limit of our model, is wisgn
that the crossover set of the curved space horizon can be a spheroid. In Ref.7] we explicitly worked out the details
consistently identified pointwise with that of the flat-spaceof the conformal model for this case, ensuring smoothness
null hypersurface. Accordinglyt is single valued function by restricting the ansatz E¢3.11) by p=on/y13, where
on the crossover set and the transition fr§no S; does not oy is the maximum value of attained onS,. Here we also
introduce any extraneous sharp edges. The proje®iap- consider other choices, such as the fopm const<a, in
plied toS; again provides a faithful visualization of topology which p is not necessarily constant from ray to ray. As ex-
and smoothness, in this case of the white hole foliation.  plained in the previous section, such models develop a sin-
gularity in the limit of a prolate spheroid but yield a smooth
horizon otherwise. All of these choices in particular yield the
IV. THE BIFURCATION OF AN ELLIPSOIDAL HORIZON simple spherical limit mentioned above.
The axisymmetric horizons fall into two qualitatively dif-
The preceding analysis describes the dependence of therent classes, corresponding to the prolate and oblate sphe-
null geometry ofH{ ~ on the affine parameter along a given roids. In axisymmetry we may suppress the angle about the
ray. In order to model a fissioning white hole we now exam-axis of symmetry and display time vertically to yield a three-
ine the global dependence of the geometry on the coordinatemensional spacetime picture. In tpeolate case we thus
parametrizing the rays 6f ~ for an ellipsoidal choice af;. get the well known “pair-of-pants” picture shown in Fig. 2,
The application of our approach and the interpretation ofvhere the seam of the pants is the degenerate caustic-
the results regarding topology change of the event horizoerossover line and the legs are infinitely stretch@&igure 2
require considerable care. Since the crossover surface &so encompasses the oblate spheroidal and generic ellipsoi-
spacelike, although asymptotically null at its boundary, wedal cases and was generated from the parameter set BBH,
could in particular choose a slicing which aligns with the which corresponds to a binary black hole merger and is de-
crossovers almost everywhere on a single slice. The topologfined in Table 1) A similar picture was featured in R€f8],
change in such a slicing would then be restricted to a regiomhere it was described in detail, and also more recently
near the caustic boundary. This choice of slicing would how-within the current approach if¥]. This behavior cannot be
ever be non-generic and small perturbations in the slicinggeneric because generically the crossover surface is
would effectively advance some portions off the horizon,2-dimensional. However, it shows that the choice wf
while retarding others. Under such a perturbation, the slicing= const yields the same qualitative features found in the con-
of the event horizon would then look arbitrarily complicated ventional approach of locating the horizon in a given space-
and, in particular, there would be no intrinsically definedtime.
number of components. See REL7] for a similar discus- In the oblate spheroidal case the pair of pants picture is
sion. In contrast, our interest is in generating generic slicesstill qualitatively valid if the suppressed dimension of axi-
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FIG. 3. Spatial cut of the event horizon for the model QS at
affine timet=1.78. At this early stage, the wavefront corresponds
| qualitatively to the oblate spheroidal case. The surface is clearly
; bulged inwards, so the rays at the poles of the event horizon cross
first, but the deviation from axisymmetry is not yet apparent.

In the following, we discuss our results for generic ellip-
soids by the examples of three individual evolutions. The
models are called Q&uasispherica) BBH and BBH2, the
latter two corresponding to binary black hole merger situa-
tions. The parameters defining the models and the lifetimes
teng from Sy to the last point on the horizdimeasured by the
affine parametet) are given in Table I. All the Figures 3—-10
showing snapshots of the evolutions have been constructed

surface generated from the parameter set BBk Table ) and ~ USING the method described in Sec. 1lIC. The images have

was produced with the method described in Sec. Il C. Spatial cut?een scaled to.approximatel_y the S_ame size, and the snap-
of this null surface are shown in Figs. 6—8. shots from the first two evolutions, Figs. 3—8, show cut-away

views to make the sharpness at the crossovers more evident.
symmetry is identified so that the seam corresponds to a The simple heuristic picture of a generic situation sug-
surface of revolutioi16]. Whereas in the prolate spheroidal gested by the oblate spheroidal collapse is indeed confirmed
case the seam on the pair-of-pants lies on the axis of synby generic models. As an example we consider the quasi-
metry, now the crossover surface forms in the equatoriaspherical ellipsoidal model QS with parameters given in
plane and is indeed 2-dimensional. The spacelike slites Table I. The time evolution of the resulting white hole hori-
intersecting it exhibit a toroidal horizon with sharp inner zon is depicted in the three snapshots at congtahown in
boundary. Toroidal horizons at the early time of black holeFigs. 3—5. Figure 3 depicts the time=1.78. The surface
formation were first found in numerical simulations of the shows obvious oblateness and the deviation from axisym-
collapse of an axisymmetric rotating clusf8f. Choosing an metry is not yet apparent. At this early stage, its history is
oblate spheroidal model witpp=const produces a similar similar to the oblate spheroidal case. The surface is clearly
toroidal horizon within our ansatZ’]. The torus exhibits a bulged inwards, so the rays at the poles of the event horizon
sharp inner ring where it hits the crossover surface. Note thatross first, and the event horizon becomes a torus, losing
the whole crossover surface itself is a smooth surface ipoints at an inner edge. This is shown at titsel.90 in Fig.
spacetime. The white hole vanishes at the moment the torus when the deviation from axial symmetry is now evident.
shrinks to a circle. Because of the axisymmetry, the toru§he circles on the torus which link the hole shrink in size at
shrinks with the same speed at all azimuthal angles. In thdifferent rates and thus eventually pinch off to zero at differ-
generic case, it would be expected to shrink faster in soment times. When the first two circles pinch off, the toroidal
places than others, so that the torus would break apart befomhite hole fissions into two white hole fragments. After the
the white hole vanishes. Thus more than one component wifissioning, two “pincers” have formed between the sections.
appear in the early stages of the correspondiiige re-  Being part of the boundary of, their tips are caustic points
versed black hole if we were to perturb the slicing or the and, in particular, the first caustic appears just as the horizon
geometry away from axisymmetry. This dagst necessarily is torn apart. The resulting two components are shown in
mean that an observer would interpret this as the collision oFig. 5, corresponding to time=2.5. At later times, the in-
multiple black holes, because the lifetimes of the individualdividual components finally shrink to zero sizetat2.88.
components might be shorter than the time necessary to form If the reflection symmetry of the ellipsoidal model were
the final single black hole. broken, the torus would not pinch asfmultaneouslyat two

FIG. 2. The “pair of pants” upside down—corresponding to a
fissioning white hole. The image showsxa 0 slice of the null

TABLE I. Parameters defining the generic models studied in deétajis the lifetime fromS, to the last
point on the horizon as measured by the affine paranteter

Model =) VEZ-p? =°—a p tend
QS 1.0 0.99 0.97 ou /13 2.88
BBH 1.0 0.66 0.5 on /13 66.7
BBH2 1.0 0.66 0.64 on!V13 644
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FIG. 4. Spatial cut of the event horizon for model QS at affine  F!G- 6. Model BBH at an early timée=5.17. The surface cor-
time t=1.90. After the rays at the poles of the event horizon haveresponds qualltatl\{ely to Fig. 3 from the quasispherical evolution
crossed, the event horizon becomes a torus, losing points at a shdPt IS now prolate instead of oblate.
inner edge which is a cut of the crossover surface.

_ ) o ) to zero, so that one recovers the earlier axisymmetric results.
separate points. Instead, the first meridian which shrank t@1odels which are sufficiently close to a prolate spheroid thus
zero would cause the topology to become §pher|cal agairshow the(loosely definefl“binary black hole merger behav-
although with a sharp crease on its surface; and later, asjgy » The next two examples are chosen increasingly close to
second meridian shrank to zero, this sphere would fissiog prolate spheroid, and show how a binary-black-hole sce-
into two components. It also has to be expected, that in morgyyig emerges by deformation of the quasispherical model
general situations one can have intermediate stages where fijle the essential structural features—the torus and the
white hole has more than one handle. Within our approaCha‘pincers”—remain.
such situations can indeed easﬂy be generated by choosing T4pje | gives the parameters of the first example, called
p=consio. In that case, thes; slices develop an upward BpH. Figure 6 depicts an early time=5.17. The surface
bulge as in Fig. 1 about each of the four umbilical points.corresponds qualitatively to Fig. 3 from the quasispherical
Because of the reflection symmetry the umbilical rays intereyojution, but is now prolate instead of oblate. Again the
sect in pairs to form the first end points of the horizon, whichgiface is clearly bulged inwards. At the later time10.6
results in punching two holes into the corresponding whitegpown in Fig. 7, rays around the poles have already crossed
hole. ) _ i and the event horizon is in its toroidal phase, losing points at

The results for our generic quasispherical model thusy inner edge. Shortly afterwards, tat 12.25, the toroidal
agree with the expectations suggested by the oblate spherQjpite hole has already fissioned into two white hole frag-
dal model. However, in order to model a black hole mergernents depicted in Fig. 8. After the fissioning, two “pincers”
we require a geometry where the lifetimes of the individualj,5ye again formed between the sections. At ttmé6.7 the
components are much larger than the apparent time of thggividual components finally shrink to zero size. Taking a
merger. Indeed, such cases are found easily by choosing & of the null surface at=0 produces the “pair of pants”

prolate ellipsoid, i.e. a model where one axis is significantlydepicted in Fig. 2. Again, this image was produced with the
more elongated than the other two, and taking the fungtion athod described in Sec. IlI C.

as some constant. Clearly, this is not a precise definition of Tha |ast model. defined as BBH2 in Table . is very close
prolateness, and there is no clear transition between thg g prolate spheroid. The appearance of the toroidal phase
“more prolate” and “more oblate” ellipsoids. Within the — ghoyn in Fig. 9 at=11.8 and the “pincers” shown in Fig.
p=const models, all of our results show the same qualitativg g 5tt— 13 1 still remain, but both the hole and the pincers
behavior of forming a torus, which then breaks apart into twWo, .o much smaller now. Figures 9 and 10 indicate how the

pieces. However, as one approaches the prolate spheroidgliting transition to the axisymmetric prolate case as the
limit, the lifetimes of the individual components become in- 16 i the torus shrinks to zero and the pincers shrink to the
finite, while the relative size of the hole in the torus shrmks“tips of teardrops.” The two individual holes are long-lived

and shrink to zero at=644.

- . Other models withp approximately constant are found to
“ share the same features as the models QS, BBH and BBHZ2:

with increasing prolateness, the lifetimes of the individual

FIG. 5. Spatial cut of the event horizon for model QS at affine
time t=2.5. In the absence of axisymmetry some of the circles on
the torus which link the hole pinch off to zero faster than others—
the toroidal white hole fissions into two white hole fragments. After

the fissioning, two “pincers” have formed between the sections; ) ) )
their tips are caustic points. FIG. 7. Model BBH at timet=10.6, when the event horizon is

in its toroidal phase.
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FIG. 10. Highly prolate model BBH2 at time=13.1 showing
two individual white holes. In the axisymmetric prolate limit the
pincers merge into “tips” of the “teardrops.”
FIG. 8. Model BBH at timet=12.25, after the event horizon
has fissioned into two components. structure of the original null hypersurface in Minkowski
space. Numerical calculations are necessary only to study
components increase. The average value pofmainly  slicing-dependent features of the curved space geometry.

stretches the time scale, which increases with Apart from the geometry of the horizon, it is also inter-
esting to look for foliation dependent phenomena associated
V. DISCUSSION with the topology of the spatial slices. Starting with Hawk-

ing’s demonstration29] that the event horizon of a station-

In this paper we have introduced a class of solutions folry asymptotically flat spacetime has spherical topology, a
the intrinsic geometry of an event horizon. These solutionsiumber of results have appeared in the literature, which
provide generic models in the sense that the geometry dogsow that an event horizon has to exhibit spherical topology
not possess any continuous symmetries and the slicing den spacelike slices in the late stages of black hole evolution
pendent features will remain stable under small perturbationgg1-37.
of the slicing. In contrast to the usual method of locating the |t thus came as a surprise when a toroidal event horizon
event horizon by tracing a null hypersurfaggckwards for  was found in numerical simulations of the collapse of rotat-
a black hole—forward for a white holén a numerically ing clusters[3]. In particular, this seemed to provide the
generated spacetime, the geometry here is constructed as gigssibility of violating topological censorshii88], as was
part of the initial data in a double-null evolution problem. pointed out by Jacobson and Venkatard®]. However,

The spacetime thus is determinadposterioriby evolution  pecause the crossover surface is spacelike all causal curves
of the full set of initial data. are homotopically trivial, even though the slices of the hori-

Our method is based on a conformal transformation fronyon contain handle§16]. In effect, the hole in the torus
a null hypersurface in Minkowski spacetime. The conformalshrinks faster than the speed of light, in obedience to topo-
factor is specified priori in our approach. In order to satisfy |ogical censorship. Moreover, it is possible to choose slicings
the projected Einstein vacuum equation, the affine parametgyf the horizon which exhibit arbitrarily complicated topolo-
is subject to an ODE along each ray, which has to be integies in the early phase of black hole formation. Where these
grated numerically in general. However, since all the numersjices meet the spacelike crossover surface, i.e. where new
ics is reduced to this reparametrization problem, and alhenerators enter the horizon, they will in general not be
quantities have known explicit dependence on the originamooth. Some of the theorems which establish spherical to-
affine parameter, our approach is essentially analytic in napology of the event horizon explicitly assume smoothness of
ture. This renders possible a simple and clear understandingie horizon, or that no new generators enter.
of the geometry and in particular the structure of caustics and The full interpretation of the results is difficult without a
crossovers. better understanding of collapse physics, i.e. without addi-

The original aim of our approach is the construction of thetjonal information from the construction of the surrounding
double-null initial data. Thentrinsic geometry is given by spacetime. These models thus serve a twofold purpose: On
Eq. (3.23. Theextrinsicgeometry will be studied in a forth-  the one hand, they are hoped to serve as a guide to explore
coming paper. A characteristic evolution code to evolvenew physical situations—in particular by setting up double-
these data has been constructed by the Pittsburgh numerigalil initial data. On the other hand, they make available a
relativity group[26—28 and evolutions of these initial data class of essentially analytic models that can help to under-
are currently under investigation. stand phenomena that appear in the study of 3D collapse

The study of the geometry of crossovers and caustics i@ith complementary methods. Examples are the spheroidal
particularly simple in our case, because it is equivalent to thease, where these models help to understand the results of

previous numerical simulations. The availability of such

simple models is likely to be even more important in the
‘ : more complicated generic case.
— - In order to model a generic binary collision we modified
~. ) the model used for the axisymmetric collision only mini-
mally; in particular, we retained the choige=const. If in-

stead the functiop has strong ray dependence, in particular
FIG. 9. Highly prolate model BBH2 at time=11.8 showing the  if we choosep=consi ¢, a rich set of histories of topology

toroidal phase. In the axisymmetric prolate limit the hole in thechange can be produced with our simple choice of slicing.
torus shrinks to zero. This fulfills the expectation that the model is capable of
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yielding a large variety of black holes and can provide therizons turn out not to be a mere oddity but arise generically
null data for studying a variety of waveforms. However, inin black hole collisions.

many of these models the lifetimes of the individual compo-

nents are of the order as the time scale for the appearance of

nontrivial topology. These cases should thus be interpreted ACKNOWLEDGMENTS

as the formation of a single, highly distorted black hole.

All models of the binary black hole merger type, which ~ This work has been supported by NSF PHY 9510895 to
displayed two horizon components with long individual life- the University of Pittsburgh. Computer time for this project
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